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SLAVNOV AND GAUDIN-KOREPIN FORMULAS FOR MODELS WITHOUT U(1)
SYMMETRY: THE XXX CHAIN ON THE SEGMENT
S. BELLIARD AND R.A. PIMENTA
Abstract. We consider the isotropic spin− 1
2
Heisenberg chain with the most general integrable boundaries.
The scalar product between the on-shell Bethe vector and its off-shell dual, obtained by means of the modified
algebraic Bethe ansatz, is given by a modified Slavnov formula. The corresponding Gaudin-Korepin formula,
i.e., the square of the norm, is also obtained.
Introduction. The algebraic Bethe ansatz (ABA) [31, 30] is a powerful technique to study the spectral
problem of quantum integrable models, as well as to construct their correlation functions and compute
physical quantities [23]. The possibility of expressing scalar products in a compact form [17, 18, 22, 32] is
a crucial aspect of the method. Nevertheless, the application of the usual ABA to obtain the spectrum and
the eigenvectors of quantum integrable models becomes problematic for some important cases, in particular
in the presence of the non-diagonal boundaries. In the case of the Heisenberg spin chain on the segment,
this is a consequence of the breaking of the U(1) symmetry by off-diagonal boundaries. Many approaches
have been developed to handle this problem, including generalizations of the Bethe ansatz to consider
special non-diagonal boundaries, see for instance [9, 26, 4, 29, 1] and references therein, the SoV method
[15, 14, 28, 13, 21], the functional method [16], the q-Onsager approach [8] and the non-polynomial solution
from the homogeneous Baxter T-Q relation [25].
Recently, the ABA has been generalized to include models with general boundary couplings [3, 5, 11, 6, 2].
The modified algebraic Bethe ansatz (MABA) has a distinct feature: the creation operator used to construct
the eigenstates has an off-shell structure which leads to an inhomogeneous term in the eigenvalues and in
the Bethe equations of the model. We remember that such inhomogeneous term was firstly proposed in
the context of the off-diagonal Bethe ansatz (ODBA) method (see [33] for a review) and recovered in the
separation of variables (SoV) framework [24]. Let us also remark that the SoV basis [13] has been used
to prove the off-shell equation for the creation operator in the MABA context [2] as well as to obtain the
on-shell Bethe vector in the ODBA method [36, 37].
Once the spectral level is understood, the next natural step is to consider the evaluation of scalar prod-
ucts between Bethe vectors obtained in the MABA framework. The calculation of scalar products within
this context is a primordial step to access the physical behavior of systems with general integrable open
boundaries, since it paves the way to consider form factors and correlation functions. This task has been
recently initiated in the case of the twisted XXX spin chain [7], a prototype model that can be described by
the MABA. Modified Slavnov and Gaudin-Korepin formulas, i.e., compact expressions for the scalar product
between an on-shell and an off-shell Bethe state and the square of the norm, have been conjectured. We
propose in this note similar formulas for the XXX spin chain on the segment. They are given in terms of
a determinant involving the inhomogeneous eigenvalue expression and a factor related to a certain expan-
sion of the Bethe vector. Such new factor and the presence of an inhomogeneous eigenvalue motivate the
nomenclature modified Slavnov and Gaudin-Korepin formulas for the models without U(1) symmetry, to
distinguish them from the diagonal or constrained cases known in the literature [34, 19, 20, 35].
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Basic formalism. Let us recall the fundamental objects of quantum inverse scattering method for models
on the segment [30]. The main object is the R-matrix, solution of the Yang-Baxter equation,
Rab(u− v)Rac(u− w)Rbc(v − w) = Rbc(v − w)Rac(u − w)Rab(u− v),(1)
defined in the tensor product of complex vector spaces Va ⊗ Vb ⊗ Vc with Vi = C
2. In the case of the XXX
spin chain, the associated R-matrix is called the rational R-matrix and it is given by,
R(u) = u+ P ,(2)
where P = σ+ ⊗ σ− + σ− ⊗ σ+ + 12 (1 + σ
z ⊗ σz) is the permutation operator1. This R-matrix is GL(2)
invariant,
[R(u),Q ⊗Q] = 0,(3)
for any Q in GL(2). For quantum integrable models on the segment additional objects must be considered,
namely, the K-matrix, solution of the reflection equation,
Rab(u− v)K
−
a (u)Rab(u+ v)K
−
b (v) = K
−
b (v)Rab(u + v)K
−
a (u)Rab(u− v),(4)
and the dual K-matrix, solution of the dual reflection equation,
Rab(−u+ v)(K
+
a (u))
taRab(−u− v − 2)(K
+
b (v))
tb
= (K+b (v))
tbRab(−u− v − 2)(K
+
a (u))
taRab(−u+ v),(5)
where ti denotes the transposition in the ith space. The most general scalar solutions of the equations (4)
and (5) are given by [12],
K+(u) =
(
q + u+ 1 ξ+(u + 1)
ξ−(u+ 1) q − u− 1
)
, K−(u) =
(
p+ u η+u
η−u p− u
)
,(6)
where {q, ξ+, ξ−, p, η+, η−} ∈ C6 are generic parameters. Due to the GL(2) invariance, we can choose
η± = 0, which we will consider in the remaining of the text, without losing generality. The R-matrix and
the K-matrices allow us to construct the following transfer matrix ,
t(u) = Tra
(
K+a (u)Ka(u)
)
, Ka(u) = Ta(u)K
−
a (u) Tˆa(u) =
(
A (u) B(u)
C (u) D(u) + 12u+1A (u)
)
a
,(7)
where the double-row monodromy matrix Ka(u) is built by Sklyanin’s dressing procedure for the K
− matrix,
and the bulk monodromy matrices are given by,
Ta(u) = Ra1(u− θ1) · · ·RaN (u − θN ), Tˆa(u) = RaN (u + θN ) · · ·Ra1(u+ θ1),(8)
with the free parameters {θ1, . . . θN} called inhomogeneity parameters. The operator entries of Ka(u) act on
the quantum space H = ⊗Ni=1C
2 and satisfy commutation relations given in appendix A. In terms of these
operators, the transfer matrix reads,
t(u) = α(u)A (u) + δ(u)D(u) + β(u)B(u) + γ(u)C (u),(9)
where
α(u) = φ(u)(q + u), δ(u) = q − (u + 1), β(u) = ξ− (u + 1), γ(u) = ξ+ (u+ 1),(10)
with
φ(u) =
2(u+ 1)
2u+ 1
.(11)
1σz =
(
1 0
0 −1
)
, σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
, σx = σ+ + σ−, σy = i(σ− − σ+).
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Two transfer matrices at different values of their spectral parameter commute, i.e., [t(u), t(v)] = 0. Therefore,
the expansion of the transfer matrix t(u) with respect to the spectral parameter u provides a set of commuting
operators, among which the isotropic Heisenberg Hamiltonian, given by,
H =
1
q
(
σz1 + ξ
+σ+1 + ξ
−σ−1
)
+
N−1∑
n=1
(
σxn ⊗ σ
x
n+1 + σ
y
n ⊗ σ
y
n+1 + σ
z
n ⊗ σ
z
n+1
)
+
1
p
σzN .(12)
The main problem is thus to find the eigenvectors and eigenvalues of the transfer matrix. Finally, let us
recall that, due to the diagonal form of the K− matrix, there exist a highest weight vector and its dual,
namely,
|Ω〉 = ⊗Ni=1
(
1
0
)
, 〈Ω| = ⊗Ni=1
(
1 0
)
,(13)
such that,
A (u)|Ω〉 = Λ1(u)|Ω〉, D(u)|Ω〉 = Λ2(u)|Ω〉, C (u)|Ω〉 = 0,(14)
〈Ω|A (u) = 〈Ω|Λ1(u), 〈Ω|D(u) = 〈Ω|Λ2(u), 〈Ω|B(u) = 0,(15)
where
Λ1(u) = (u+ p)
N∏
i=1
(u + 1− θi)(u + 1 + θi), Λ2(u) = φ(−u − 1)(p− u− 1)
N∏
i=1
(u− θi)(u + θi).(16)
Modified algebraic Bethe ansatz. The Bethe vector for the present model was firstly conjectured in [3],
and we review its obtainment here. The key point is to introduce a similarity transformation with a two-fold
aim: to bring the original transfer matrix expression (9) to a modified diagonal form and to define a modified
creation operator. Indeed, let us introduce,
Q =
(
ξ+ ρ
−ρ ξ−
)
, ρ = 1−
√
1 + ξ+ξ− ,(17)
which diagonalizes the K+ matrix,
K+a (u) = Q
−1
a K
+
a (u)Qa =
(
q + (1 + u)(1− ρ) 0
0 q − (1 + u)(1− ρ)
)
a
,(18)
and, as a consequence, the transfer matrix (7) can be written as,
t(u) = Tra
(
K+a (u)Ka(u)
)
, Ka(u) = Q
−1
a K
−
a (u)Qa =
(
A (u) B(u)
C (u) D(u) + 12u+1A (u)
)
a
.(19)
The modified double-row monodromy operators are given explicitly by,
A (u) =
1
2(ρ− 1)
(
(ρφ(u)− 2)A (u) + ρD(u)− ξ−B(u)− ξ+C (u)
)
,
D(u) =
1
2(ρ− 1)
(
(ρφ(−u− 1)− 2)D(u) + ρφ(u)φ(−u − 1)A (u) + ξ−φ(u)B(u) + ξ+φ(u)C (u)
)
,
B(u) =
1
2(ρ− 1)
(
ξ−φ(−u− 1)A (u)− ξ−D(u) +
ξ−2
ρ
B(u)− ρC (u)
)
,
C (u) =
1
2(ρ− 1)
(
ξ+φ(−u − 1)A (u)− ξ+ D(u)− ρB(u) +
ξ+2
ρ
C (u)
)
.(20)
Since K+a (u) is a diagonal matrix, the transfer matrix acquires a modified diagonal form, namely,
t(u) = α¯(u)A (u) + δ¯(u)D(u),(21)
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with
α¯(u) = φ(u)(q + u(1− ρ)), δ¯(u) = q − (1 + u)(1− ρ).(22)
As a consequence of (3), the operators {A (u),B(u),C (u),D(u)} satisfy the same commutation relations as
{A (u),B(u),C (u),D(u)}, see appendix A. This means that the Bethe state can be created by the action
of the operator (C (u)) B(u) on the (dual) highest vector (13). Indeed, let us define2,
|ΨM (u¯)〉 = B(u1) . . .B(uM )|Ω〉 = B(u¯)|Ω〉(23)
and
〈ΨM (u¯)| = 〈Ω|C (u1) . . .C (uM ) = 〈Ω|C (u¯).(24)
The repeated use of the relations (61,63,65) alows us to obtain,
A (u)B(u¯) = f(u, u¯)B(u¯)A (u)
+
M∑
i=1
g(u, ui)f(ui, u¯i)B({u, u¯i})A (ui) + w(u, ui)h(ui, u¯i)B({u, u¯i})D(ui),
D(u)B(u¯) = h(u, u¯)B(u¯)D(u)
+
M∑
i=1
k(u, ui)h(ui, u¯i)B({u, u¯i})D(ui) + n(u, ui)f(ui, u¯i)B({u, u¯i})A (ui),(25)
while the use of (62,64,66) gives us,
C (u¯)A (u) = f(u, u¯)A (u)C (u¯)
+
M∑
i=1
g(u, ui)f(ui, u¯i)A (ui)C ({u, u¯i}) + w(u, ui)h(ui, u¯i)D(ui)C ({u, u¯i}),
C (u¯)D(u) = h(u, u¯)D(u)C (u¯)
+
M∑
i=1
k(u, ui)h(ui, u¯i)D(ui)C ({u, u¯i}) + n(u, ui)f(ui, u¯i)A (ui)C ({u, u¯i}).(26)
In order to evaluate the action of the transfer matrix on (23) and (24), in addition to (25) and (26), we also
need to compute the action of the operators A (u) and D(u) on (13). It is a modified action, namely,
A (u)|Ω〉 = Λ1(u)|Ω〉 −
ρ
ξ−
B(u)|Ω〉, D(u)|Ω〉 = Λ2(u)|Ω〉+
ρ
ξ−
φ(u)B(u)|Ω〉,
C (u)|Ω〉 =
ρ
ξ−
(φ(−u− 1)Λ1(u)− Λ2(u)) |Ω〉 −
(
ρ
ξ−
)2
B(u)|Ω〉,(27)
〈Ω|A (u) = Λ1(u)〈Ω| −
ρ
ξ+
〈Ω|C (u), 〈Ω|D(u) = Λ2(u)〈Ω|+
ρ
ξ+
φ(u)〈Ω|C (u),
〈Ω|B(u) =
ρ
ξ+
(φ(−u − 1)Λ1(u)− Λ2(u)) 〈Ω| −
(
ρ
ξ+
)2
〈Ω|C (u).(28)
2Hereafter, we will use the following compact notation. A set ofM variables {u1, u2, . . . , uM} is denoted by u¯ with #u¯ =M .
If the ith element is removed, we indicate u¯i = u¯/ui and, if we also remove the element uj , we denote u¯ij = u¯/{ui, uj}. For
products of functions (e.g. f(u, v)) or of operators O (e.g. B), we use the convention
f(u, u¯) =
M∏
i=1
f(u, ui), f(v¯, u¯) =
M∏
i=1
M∏
j=1
f(vj , ui), f(ui, u¯i) =
M∏
j=1,j 6=i
f(ui, uj), O(u¯) =
M∏
k=1
O(uk).
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Using the multiple actions (25,26) together with (27,28), we obtain,
t(u)|ΨM (u¯)〉 = ΛMd (u, u¯)|Ψ
M (u¯)〉+
M∑
i=1
F (u, ui)E
M
d (ui, u¯i)|Ψ
M ({u, u¯i})〉
+
ρ(ρ− 1)
ξ−
2(u+ 1)B(u)|ΨM (u¯)〉,(29)
〈ΨM (u¯)|t(u) = 〈ΨM (u¯)|ΛMd (u, u¯) +
M∑
i=1
F (u, ui)E
M
d (ui, u¯i)〈Ψ
M ({u, u¯i})|
+
ρ(ρ− 1)
ξ+
2(u+ 1)〈ΨM (u¯)|C (u),(30)
where
ΛMd (u, u¯) = α¯(u)Λ1(u)f(u, u¯) + δ¯(u)Λ2(u)h(u, u¯),
EMd (ui, u¯i) = −φ(−ui − 1)α¯(ui)Λ1(ui)f(ui, u¯i) + φ(ui)δ¯(ui)Λ2(ui)h(ui, u¯i),(31)
with
F (u, v) = −
φ(u)(2u+ 1)
φ(v)Q(u, v)
, Q(u, v) = (u− v)(u + v + 1).(32)
The new terms in (29,30), i.e., the proportional terms to B(u)|ΨM (u¯)〉 and 〈ΨM (u¯)|C (u), are characteristic
of MABA approach. If the number of creation operators equals the length of the chain, i.e., M = N , these
terms are given by,
ρ(ρ− 1)
ξ−
2(u+ 1)B(u)|ΨN (u¯)〉 = ΛNg (u, u¯)|Ψ
N (u¯)〉+
N∑
i=1
F (u, ui)E
N
g (ui, u¯i)|Ψ
N ({u, u¯i})〉,(33)
ρ(ρ− 1)
ξ+
2(u+ 1) 〈ΨN(u¯)|C (u) = 〈ΨN (u¯)|ΛNg (u, u¯) +
N∑
i=1
F (u, ui)E
N
g (ui, u¯i)〈Ψ
N ({u, u¯i})|,(34)
with
ΛNg (u, u¯) = ρ φ˜(u)
Λ1(u)Λ2(u)
Q(u, u¯)
, ENg (ui, u¯i) = ρ
φ˜(ui)
2ui + 1
Λ1(ui)Λ2(ui)
Q(ui, u¯i)
, φ˜(u) =
(u+ 1)(2u+ 1)
(p+ u)(p− u− 1)
,(35)
and #u¯ = N . The equations (33,34) are the central relations in the MABA. Their proof follows from the
rational limit of the proof given in [2] for the XXZ case. We arrive, combining (29) and (33), to the final
off-shell equation satisfied by the left and right Bethe vectors,
t(u)|ΨN (u¯)〉 = ΛN(u, u¯)|ΨN (u¯)〉+
N∑
i=1
F (u, ui)E
N (ui, u¯i)|Ψ
N({u, u¯i})〉,(36)
〈ΨN (u¯)|t(u) = 〈ΨN(u¯)|ΛN (u, u¯) +
N∑
i=1
F (u, ui)E
N (ui, u¯i)〈Ψ
N ({u, u¯i})|,(37)
where the eigenvalue and the corresponding Bethe equations are given by,
ΛN (u, u¯) = ΛNd (u, u¯) + Λ
N
g (u, u¯), E
N (ui, u¯i) = E
N
d (ui, u¯i) + E
N
g (ui, u¯i)(38)
with #u = N . We recall here that the eigenvalue expression (38) was firstly obtained in [10], and it was
further developed in [27].
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Modified Slavnov and Gaudin-Korepin formulas. We are now in position to investigate the scalar
product between the Bethe vectors and its dual, namely,
SN (u¯|v¯) = 〈ΨN (u¯)|ΨN (v¯)〉.(39)
Considering 〈ΨN (u¯)| on-shell, i.e., EN (ui, u¯i) = 0 for i = 1, . . . N , we conjecture the following modified
Slavnov formula,
SˆN (u¯, v¯) =
(
ρ− 2
2(ρ− 1)2
)N
WN0 (u¯)
DetN
(
∂
∂ui
ΛN (vj , u¯)
)
DetN (V (vi, uj))
,(40)
where
WN0 (u¯) =
(
2(ρ− 1)
ξ−
)N
〈0|B(u¯)|0〉, V (vi, uj) =
(2uj + 1)2(vi + 1)
Q(vi, uj)
,(41)
with #u¯ = N . The factor WN0 (u¯) is related to the expansion of the Bethe vector in the basis of the original
operators {A (u),B(u),C (u),D(u)} and it is given in appendix B. If, on the other hand, |ΨN(v¯)〉 is on-shell,
namely EN (vi, v¯i) = 0 for i = 1, . . .N , the respective modified formula is obtained by interchanging ui ↔ vi
in the right-hand side of (40),
S˜(u¯, v¯) =
(
ρ− 2
2(ρ− 1)2
)N
WN0 (v¯)
DetN
(
∂
∂vi
ΛN (uj, v¯)
)
DetN (V (ui, vj))
.(42)
The modified Gaudin-Korepin formula can be obtained by taking the limit v¯ = u¯ in (40). In order to do
that we firstly rewrite the Cauchy-like determinant as,
DetN (V (vi, uj)) =
∏N
i=1(2ui + 1)2(vi + 1)
∏N
i<j Q(uj , ui)Q(vi, vj)∏N
i,j=1 Q(vj , ui)
,(43)
and, next, place the term
∏N
i,j=1 Q(vj , ui) along with the Jacobian. We can then perform the limit,
lim
vj→uj
(
N∏
k=1
Q(vj , uk)
∂
∂ui
ΛN(vj , u¯)
)
,(44)
using l’Hospital’s rule. As a result we obtain the following expression for the square of the norm,
N
N (u¯) =
(
ρ− 2
2(ρ− 1)2
)N
W0(u¯)
detN (Gij)∏N
i=1 2(ui + 1)
∏N
i<j Q(uj, ui)Q(ui, uj)
,(45)
where the matrix elements Gij for i, j = 1, . . .N are given by,
Gii = Q(ui, u¯i)
∂EN (ui, u¯i)
∂ui
,
Gij = (2uj + 1)
(
φ(−uj − 1)α¯(uj)Λ1(uj)Q(−uj, u¯ij)− φ(uj)δ¯(uj)Λ2(uj)Q(uj + 1, u¯ij)
)
,
for i 6= j.(46)
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Evaluating the derivative in Gii and using the Bethe equations, we obatin the following explicit expression,
Gii = −φ(−ui − 1)α¯(ui)Λ1(ui)Q(−ui, u¯i)

(2ui − 1) N∑
k 6=i
1
Q(−ui, uk)
+
(
1
ui
−
∂ui φ˜(ui)
φ˜(ui)
+
∂ui α¯(ui)
α¯(ui)
)
+φ(ui)δ¯(ui)Λ2(ui)Q(ui + 1, u¯i)

(2ui + 3) N∑
k 6=i
1
Q(ui + 1, uk)
+
(
1
ui + 1
−
∂ui φ˜(ui)
φ˜(ui)
+
∂ui δ¯(ui)
δ¯(ui)
)
−
∂Λ1(ui)
∂ui
(
φ(−ui − 1)α¯(ui)Q(−ui, u¯i)−
ρφ˜(ui)Λ2(ui)
2ui + 1
)
+
∂Λ2(ui)
∂ui
(
φ(ui)δ¯(ui)Q(ui + 1, u¯i) +
ρφ˜(ui)Λ1(ui)
2ui + 1
)
.(47)
Construction of the conjecture. To obtain the conjecture of the modified Slavnov formula in the previous
paragraph, we have used the same procedure from the twisted XXX chain case considered in [7]. The
construction of, for instance (42), is based on the following line of reasoning:
I. The modified formula (42) must be reduced to the formula of the case with diagonal boundaries (ρ = 0),
which is known in the literature [34, 19, 20]. In our notation, it reads,
S˜Md (u¯, v¯) = Λ2(v¯)
M∏
i=1
2vi + 1
vi + q
∏
j<i
vi + vj + 2
vi + vj
DetM
(
∂
∂vi
ΛMd (uj, v¯)
)
DetM (V (ui, vj))
,(48)
where vi for i = 1, . . . ,M satisfies E
M
d (vi, v¯i) = 0. From this, we expect that the modified formula
contains the Jacobian of the inhomogeneous eigenvalue ΛN (u, v¯) given by (38) and an additional factor
to replace Λ2(v¯), namely,
S˜N(u¯, v¯) = ζN ZN (u¯, v¯)
DetN
(
∂
∂vi
ΛN(uj , v¯)
)
DetN (V (ui, vj))
,(49)
where the constant ζ and the function ZN(u¯, v¯) are to be fixed.
II. We recall that the factor Λ2(v¯) in (48) comes from using, in some expression for the off-shell scalar
product, the Bethe equations without solving it explicitly, i.e., by writing Λ1(vi) ∼ Λ2(vi) from
EMd (vi, v¯i) = 0 in (31). For the general model, since the Bethe equations (38) are quadratic in Λ1,2(vi),
the only way to use the Bethe equations is by expressing the term Λ1(vi)Λ2(vi) through (38) as follows,
Λ1(vi)Λ2(vi) =
(2vi + 1)Q(vi, v¯i)
ρφ˜(vi)
(
φ(−vi − 1)α¯(vi)Λ1(vi)f(vi, v¯i)− φ(vi)δ¯(vi)Λ2(vi)h(vi, v¯i)
)
,(50)
for i = 1, . . . , N .
III. The function ZN(u¯, v¯) can be fixed from a recursion relation on the scalar product up to the constant
ζ.
IV. The constant ζ can be fixed from the case N = 1 which we consider explicitly.
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Considering the above points, let us fix the function ZN (u¯, v¯) through the action of the C (u) over the Bethe
vector (23), namely,
C (u)|ΨN (v¯)〉 = −
( ρ
ξ−
)2
B(u)|ΨN (v¯)〉+
ρ
ξ−
(φ(−u− 1)Λ1(u)f(u, v¯)− Λ2(u)h(u, v¯)) |Ψ
N (v¯)〉
−
ρ
ξ−
N∑
i=1
w(u, vi)
(
2viΛ1(vi)g(u, vi)f(vi, v¯i)
+(1 + 2vi)Λ2(vi)k(vi, u)h(vi, v¯i)
)
|ΨN({u, v¯i})〉
+
N∑
i=1
Hi(u, v¯)|Ψ
N−1(v¯i)〉+
N∑
i<j
Hij(u, v¯)|Ψ
N−1({u, v¯ij})〉,(51)
where the auxiliary functions Hi(u, v¯) andHij(u, v¯) are given in appendix A. Taking into account the off-shell
action (33), the equation (51) leads to,
SN(u¯|v¯) ∼
N∏
i=1
Λg(ui, v¯)
2(ui + 1)
〈0|ΨN(v¯)〉+ · · ·(52)
where we identify a leading term with N quadratic terms: Λ1(ui)Λ2(ui) with i = 1, . . .N . This term is the
only invariant one, of order 3N in the Λ1,2(vi), under the prescription (50). This suggests to us to identify
the unknown function in (49) as,
ZN(u¯, v¯) =WN0 (v¯).(53)
Indeed, the leading term of the Jacobian in Λ1(vi)Λ2(vi) is given by,
DetN
(
∂
∂vi
ΛNg (uj , v¯)
)
=
N∏
i=1
Λg(ui, v¯)
2(ui + 1)
DetN (V (ui, vj)),(54)
which makes the asymptotic behavior of (49) consistent with (52). Let us also note that in the diagonal
boundaries limit, ρ = 0, we have
WN0 (v¯) =
N∏
i=1
−2vi − 1
vi + q
Λ2(vi)
∏
i<j
vi + vj + 2
vi + vj
,(55)
and the usual formula (48) is recovered, up to a constant. The remaining task is to fix the constant ζ in
(49). In order to do that, we need to find a good parametrization for off-shell scalar product such that the
prescription (50) can be used. In the simplest case, N = 1, it turns out that the off-shell scalar product can
be written as,
S1(u1|v1) =
ρ− 2
2(ρ− 1)2
(
(ρ− 1)S1d(u1|v1) +
(
Λ1g(u1, v1)W
1
0 (v1)
2(u1 + 1)
+
Λ1g(v1, u1)W
1
0 (u1)
2(v1 + 1)
))
(56)
where
S1d(u1|v1) = (s(u1, v1) + x(u1, v1))Λ1(u1)Λ1(v1) + y(u1, v1)Λ2(u1)Λ1(v1) + r(u1, v1)Λ1(u1)Λ2(v1)
+q(u1, v1)Λ1(v1)Λ2(u1) + w(u1, v1)Λ2(u1)Λ2(v1),(57)
is the diagonal contribution to the scalar product. In the form (56), the use of (50) leads us directly to,
S˜1(u1|v1) =
ρ− 2
2(ρ− 1)2
W 10 (v1)
∂
∂v1
Λ1(u1, v1)
V (u1, v1)
,(58)
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fixing thus the desired constant. To find a convenient off-shell representation for the scalar product for
general N that allows us to use (49) remains an open problem. For example, the off-shell scalar product
obtained from the projection of the Bethe vector on the diagonal operator basis, see appendix B, gives us,
S1(u1|v1) =
(
ρ− 2
2(ρ− 1)
)2
S1d(u1|v1) +
ρ(ρ− 2)
(2(ρ− 1))2
W 10 (u1)W
1
0 (v1).(59)
Here the use of the prescription (50) for the quadratic term cannot be applied. Alternatively, from the use
of the action (51), we obtain,
S1(u1|v1) = S
1
d(u1|v1)−
ρ
2(ρ− 1)2
(
Λ1g(u1, v1)W
1
0 (v1)
2(u1 + 1)
+
Λ1g(v1, u1)W
1
0 (u1)
2(v1 + 1)
)
+
ρ
2(ρ− 1)
(
φ(−v1 − 1)Λ1(v1)
(
u1 + v1 − 1
u1 + v1 + 1
φ(−u1 − 1)Λ1(u1)−
u1 − v1 + 2
u1 − v1
Λ2(u1)
)
−Λ2(v1)
(
u1 − v1 − 2
u1 − v1
φ(−u1 − 1)Λ1(u1)−
u1 + v1 + 3
u1 + v1 + 1
Λ2(u1)
))
,(60)
where we observe the presence of quadratic terms that can be simplified by (50). However, it does not lead
directly to the modified Slavnov formula due to the presence of additional contributions. We remark that
all the representations (56,59,60) are the same, as expected, when we use the explicit form of Λ1,2(u).
By any means, the N = 1 case is already enough to obtain the constant and thus to propose the general
formulas. We have numerically verified that both (40,42) and (46) are valid for N = 2, 3.
Discussion. We have obtained, in the framework of the modified algebraic Bethe ansatz, a compact ex-
pression for the scalar product between an on-shell Bethe vector and its off-shell dual for the isotropic
spin-1/2 Heisenberg chain on the segment with general integrable boundaries. It is a modified Slavnov
formula, in the sense that new factors appear, when compared with the diagonal boundary or periodic
cases. Many interesting questions remain to be investigated. The first one is to obtain a proof of our con-
jecture. Next, we should consider the evaluation of form factors and correlations functions of the model.
The XXZ case can be also considered, and the result has the same form of (40,42), with ΛN(u, u¯) and
DetN (V (u, v)) replaced by the corresponding q−deformed versions. The factor W
N
0 (u¯) will be given by (78)
with W ii−1(u1|u2, . . . , ui) = Λ
i−1
ps (u1, {u2, . . . , ui}), using the notaion of [6]. It remains to find the overall
constant and to prove the conjecture.
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Appendix A. Commutation relations and functions
Using reflection equation (4), we can obtain the exchange relations between the operators {A ,B,C ,D}.
A list of relevant ones for this work is,
B(u)B(v) = B(v)B(u) ,(61)
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C (u)C (v) = C (v)C (u) ,(62)
A (u)B(v) = f(u, v)B(v)A (u) + g(u, v)B(u)A (v) + w(u, v)B(u)D(v) ,(63)
C (v)A (u) = f(u, v)A (u)C (v) + g(u, v)A (v)C (u) + w(u, v)D(v)C (u) ,(64)
D(u)B(v) = h(u, v)B(v)D(u) + k(u, v)B(u)D(v) + n(u, v)B(u)A (v) ,(65)
C (v)D(u) = h(u, v)D(u)C (v) + k(u, v)D(v)C (u) + n(u, v)A (v)C (u) ,(66)
C (u)B(v) = B(v)C (u) + s(u, v)A (u)A (v) + x(u, v)A (v)A (u) + y(u, v)D(u)A (v)
+r(u, v)A (u)D(v) + q(u, v)A (v)D(u) + w(u, v)D(u)D(v) ,(67)
where
f(u, v) =
(u− v − 1)(u+ v)
(u− v)(u + v + 1)
, g(u, v) =
2v
(2v + 1)(u − v)
, w(u, v) =
−1
(u+ v + 1)
,
h(u, v) =
(u − v + 1)(u+ v + 2)
(u− v)(u + v + 1)
, k(u, v) =
−2(u+ 1)
(u − v)(2u+ 1)
, n(u, v) =
4v(u+ 1)
(u + v + 1)(2v + 1)(2u+ 1)
,(68)
and
x(u, v) =
2 u (u− v + 1)
(2 u+ 1)(u+ v + 1)(u− v)
, s(u, v) = −
2 u
(2 u+ 1)(2 v + 1)(u− v)
,
q(u, v) =
(u+ v)
(u+ v + 1)(u− v)
, r(u, v) = −
2 u
(2 u+ 1)(u− v)
, y(u, v) = −
1
(u+ v + 1)(2v + 1)
.(69)
Along the main text we use frequently the functions,
φ(u) =
2(u+ 1)
2u+ 1
, F (u, v) = −
φ(u)(2u+ 1)
φ(v)Q(u, v)
, Q(u, v) = (u− v)(u + v + 1).(70)
In addition, we have the following auxiliary functions entering equation (51),
Hk(u, u¯) = Λ1(u)
(
Λ1(uk)
(
s(u, uk) + x(u, uk)
)
f(u, u¯k)f(uk, u¯k) + Λ2(uk)r(u, uk)f(u, u¯k)h(uk, u¯k)
)
+Λ2(u)
(
Λ1(uk)
(
q(u, uk) + y(u, uk)
)
h(u, u¯k)f(uk, u¯k) + Λ2(uk)w(u, uk)h(u, u¯k)h(uk, u¯k)
)
(71)
Hkl(u, u¯) = Λ1(uk)
(
Λ1(ul)α11(u, uk, ul)f(uk, u¯kl)f(ul, u¯kl) + Λ2(ul)α12(u, uk, ul)f(uk, u¯kl)h(ul, u¯kl)
)
+Λ2(uk)
(
Λ1(ul)α21(u, uk, ul)h(uk, u¯kl)f(ul, u¯kl) + Λ2(ul)α22(u, ul, uk)h(uk, u¯kl)h(ul, u¯kl)
)
(72)
with
α11(u, uk, ul)
= g(u, ul)(s(u, uk)f(uk, ul) + f(uk, u)x(u, uk)) + n(u, ul)(y(u, uk)f(uk, ul) + f(uk, u)q(u, uk))
+g(u, uk)(s(u, uk)g(uk, ul) + r(u, uk)n(uk, ul)) + n(u, uk)(y(u, uk)g(uk, ul) + w(u, uk)n(uk, ul)),(73)
α12(u, uk, ul)
= k(u, ul)(f(uk, u)q(u, uk) + f(uk, ul)y(u, uk)) + w(u, ul)(f(uk, ul)s(u, uk) + f(uk, u)x(u, uk))
+g(u, uk)(k(uk, ul)r(u, uk) + s(u, uk)w(uk, ul)) + n(u, uk)(k(uk, ul)w(u, uk) + y(u, uk)w(uk, ul)),(74)
α21(u, uk, ul)
= r(u, uk)(g(u, ul)h(uk, ul) + n(uk, ul)w(u, uk)) + g(uk, ul)(k(u, uk)y(u, uk) + s(u, uk)w(u, uk))
+w(u, uk)(h(uk, ul)n(u, ul) + k(u, uk)n(uk, ul)),(75)
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α22(u, uk, ul)
= r(u, uk)(h(uk, ul)w(u, ul) + k(uk, ul)w(u, uk)) + w(u, uk)(h(uk, ul)k(u, ul) + k(u, uk)k(uk, ul))
+w(uk, ul)(k(u, uk)y(u, uk) + s(u, uk)w(u, uk)).(76)
Appendix B. Projection of the Bethe vector
Using the commutation relations given in appendix A and the representation theory (14), the Bethe vector
(23) can be expanded in terms of the operator B(u) in the following way,
B(u¯)|0〉 =
(
(ρ− 2)ξ−
2(ρ− 1)ξ+
)N N∑
i=0
∑
u¯→{u¯I,u¯II}
(
ρ
ξ−
)N−i
WNi (u¯I|u¯II)B(u¯II)|0〉(77)
with #u¯II = i, #u¯I = N − i a partition of the set u¯. The sum is over all ordered partitions, denoted
u¯→ {u¯I, u¯II}. The coefficient is given by
WNi (u1, . . . , uN−i|uN−i+1, . . . , uN ) = Sym
N−i
u1,...,uN−i
(N−i∏
j=1
WN+1−jN−j (uj |uj+1, . . . , uN)
)
(78)
where
W ii−1(u1|u2, . . . , ui) = φ(−u1 − 1)Λ1(u1)f(u1, u¯1)− Λ2(u1)h(u1, u¯1),(79)
and
SymMu¯
(
F (u¯)
)
=
1
M !
∑
σ∈SM
F (u¯σ)(80)
with u¯σ = {uσ(1), . . . , uσ(M)} an element of the permutation group SM . In the same way, the dual Bethe
vector (24) in terms of the operator C (u) is given by,
〈0|C (u¯) =
(
(ρ− 2)ξ+
2(ρ− 1)ξ−
)N N∑
i=0
∑
u¯→{u¯I,u¯II}
(
ρ
ξ+
)N−i
WNi (u¯I|u¯II)〈0|C (u¯II).(81)
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